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1. INTRODUCTION 
The purpose of this paper is to obtain the following result: 
THEOREM 1. Let Q be a subgroup of a finite group G with the properties: 
(a) 91GQ n Q'" = 1 for all x E G - 91GQ, 
(b) 91GQ 7'= G, and 
(c) 211 Q I· 
Denote the normal closure of Q in G by S. Then, in general, S = Q . O(S), and 
Q is a Frobenius complement. An exception is only possible if S ~ SL(2, q), 
S.(q), SU(3, q), or PSU(3, q), where q is a power of 2 and q ?: 4. 
Note that the theorem implies that Q must be a Frobenius complement 
or a nilpotent group (actually a 2-group). To obtain our proof, we proceed 
by induction on the order of G. We show that in a minimal counterexample 
either 02(Q) 7'= 1 or I 91GQ n 91GQ'" 1 - l(mod 2) for all x E G - 91GQ. 
In the second case, 91GQ is a strongly embedded subgroup, and we can apply 
the theorem of Bender [2]. If 02(Q) -=Ie 1, then the structure of G can be 
determined with the help of a recent result of Shult on fusion of involutions. 
This work was motivated by geometric applications and inspired by a paper 
of Shult [11], which considers the special case that Q is sharply transitive on 
{Q'" I x E G - 91GQ}. 
2. NOTATION AND PRELIMINARY REMARKS 
We shall in general use standard notation. If H is a subgroup of a group G, 
then 91GH is the normalizer of H in G. The normal closure of H in G is the 
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smallest normal subgroup of G containing H. The set consisting of all 
elements of G which are not contained in H is denoted by G - H. Further-
more, O(G) is the largest normal subgroup of odd order of G. If 1 =F H =F G 
and H n HX = 1 for all x E G - H, then any group isomorphic to H is 
called a Frobenius complement. Note that a Frobenius complement contains 
at most one involution (see Huppert [9, p. 506, Satz 8.18]). 
Let (Q, G) be a G-set, A a subgroup of G, a an element of G and 
(Xl , ... , (Xn E Q. Then G~ ~ ... ~ = {x E G I (Xix = (Xi for 1 ~ i ~ n}, 
1 2 n 
Q A ={gEQI gx = g for all xEA} and Q a =Q<a)' We call A a regulat 
subgroup, if A~ = 1 for all (X E Q. 
A very good description of the linear groups SL(2, q) and unitary groups 
PSU(3, q) was provided by Huppert [9, Kapitel II]. Detailed information 
about the Suzuki groups can be obtained from Suzuki [12]. 
LEMMA 1. Let S ~ SL(2, q), SzCq), or PSU(3, q), where q ~ 4 is a power 
of 2, and let L be a semidirect product of S with a group of order 2. Then either 
all involutions in L - S are conjugate or I 3L I = 2. 
Proof. We choose two different Sylow 2-subgroups Rand R. of Sand 
consider the action of the intersection D = 91LR n 91L R. on Rfcp(R). Suppose 
that D n (£:[Rfcp(R)] =F 1. Then D n (£:[Rfcp(R)] = Z, where I Z 1 = 2. 
This must be true, because D n S = 91sR n 91sR. is fixed-point-free on 
Rfcp(R). Obviously, Z <J D, i.e., Z ~ 3D. Thus 3R ~ (£:RZ, because 
(£:3RZ =F 1, and D is transitive on 3R - {I}. Furthermore, 1 R : (£:RZ 1 = 
1 ZR 1 ~ I[Z, R]I ~ 1 CP(R)I. If S ~ PSU(3, q), then this implies that 
(£RZ > 3R = cp(R) and hence (£:RZ = R, as D is irreducible on Rfcp(R). 
Thus (£Z contains 3R, 3R., D and in the unitary case also R. This implies 
(£Z ~ Sand Z = 3L. 
If 3L = 1, then D is faithfully represented on Rfcp(R). Furthermore, the 
subring K of the endomorphism ring of Rfcp(R) generated by D n S is a 
field of order 1 K 1 = 1 Rfcp(R)I. This is so because the cyclic group D n S 
acts irreducibly on Rfcp(R). Hence the automorphism group of Rfcp(R) 
induced by D is a subgroup of rL(I, K). Therefore, a Sylow 2-subgroup <t) 
of D centralizes a subgroup E of order q - 1 of D and a subgroup UfCP(R) 
of order q of RfCP(R), where 1 R : CP(R) 1 = q2. (Clearly 1 D : D n S I = 2, 
as S is doubly transitive on its Sylow 2-subgroups. So t is an involution.) 
In particular, S is not a Suzuki group. If ;r is the set of elements of R which 
are inverted by t, then always [t, R] ~ ;r ~ U. We shall see that 
1 ;r 1 ~ 1 R : (£:Rt 1 = 1 tR I. In the case S ~ SL(2, q) this is obvious. Suppose 
that S ~ PSU(3, q). If (£Rt = U, then [t, R] ~ ;r ~ Q1(U) = CP(R), 
which is impossible as t acts nontrivially on Rfcp(R). Thus (£Rt < U. But E 
acts transitively on cp(R) - {I} and UfCP(R) - {I}. Hence the only remaining 
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possibility is (£:Rt = <P(R) , which implies 1 R : (£:Rt 1 = 1 U 1 ;:? 1 X I· As Xt 
is the set of involutions in R(t) - R, all these involutions must be conjugate 
to t. This completes our proof, because R(t) is a Sylow 2-subgroup of L. 
We shall frequently use the very elementary 
LEMMA 2 (Gleason [6]). Suppose that H is a group of permutations of a 
finite set Q and suppose that, for some prime p and each ex E Q, there exists an 
element of H of order p which leaves ex fixed but has no other fixed points. Then 
H is transitive. 
Let Q be a subgroup of a finite group G such that 9lGQ () Q'" = 1 for all 
x E G - 9lGQ, 9lGQ =F G and 2\1 Q I. Consider the G-set (Q, G), where Q 
is the set of all conjugates of Q and G acts on Q by conjugation. If ex = Q, 
then obviously Q is a normal subgroup of the stabilizer Go; = 9lGQ, and Q 
operates regularly on Q - ex. Furthermore, 1 Q 1 > 1, as Q :$ G. Thus 
Theorem 1 is an immediate consequence of the following theorem on G-sets. 
THEOREM 2. Let (Q, G) be a finite transitive G-set, where 1 Q 1 > 1. 
Assume that for some ex E Q the stabilizer Ga contains a normal subgroup Q 
of even order, such that Q/3 = 1 for all f1 E Q - ex. If S is the normal closure 
of Q in G, then S '" SL(2, q), Siq), SU(3, q), or PSU(3, q), where q is 
a power of 2 larger than 2, or S = Q . O(S) and Q is a Frobenius complement. 
We shall prove this theorem by induction. Before we start this proof, 
we derive a few properties of the G-sets considered here, which will be 
important for the application of our induction hypothesis. 
LEMMA 3. Let (Q, G) be a G-set of the type described in Theorem 2, and 
let K be the kernel of the representation of G on Q. Then 
(i) S is transitive on Q, 1 Q 1 - l(mod 2) and 
(ii) (£:GS = K. 
If, in addition, G/K contains a normal subgroup isomorphic to one of the groups 
SL(2, q), Siq), or PSU(3, q), where q is a power of 2 and q ;:? 4, then 
(iii) S ~ SL(2, q), Siq), SU(3, q), or PSU(3, q), where 1 Q 1 = q + 1, 
q2 + 1, q3 + 1, q3 + 1, respectively. 
(iv) If u is an involution in G which has exactly one fixed point, then 
uES·K. 
Proof. By assumption G is transitive. Therefore, for each g E Q the 
stabilizer Sf contains an involution, which fixes g but no other point in Q. 
Thus S is transitive by Lemma 2. Also 1 Q 1 - l(mod 2). 
Let K be the kernel of the representation of G on Q. Then K and Q are 
normal subgroups of G" and have trivial intersection. Thus Q ~ (£:K and 
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hence S ~ (£K. On the other hand, if x E (£GS, then x centralizes Q and 
therefore leaves invariant IX. But this implies x E K, as S is transitive. 
Let G be the group of permutations of Q induced by G. Then G is iso-
morphic to G/K. Assume that G contains a normal subgroup S* such that 
S* ~ SL(2, q), Sz(q), or PSU(3, q), where q is a power of 2 and q ;;:, 4. 
We choose a Sylow 2-subgroup T of Gcx and denote Rl = Tn S* 
and U = T n Q, where Q is the image of Q in G. As I G : Gcx I = 
I Q I == l(mod 2), T is a Sylow 2-subgroup of G and, therefore, Rl is a Sylow 
2-subgroup of S*. Also U is a Sylow 2-subgroup ofQ. In particular, U =F 1, 
as Q ~ Q and Q is of even order by definition. Let L = S* U. 
Suppose that Un S* = 1. Then Un Rl = 1 and [U, R 1] = 1, as 
U, Rl <J T. Thus (£LR1 = U(£s.R1 = U' 3R1 • As 1 =F U ~ (£LRI ~ 
T ~ Gcx , we have Q(£ R = {IX} and inLRl ~ in(£LRl ~ Gcx • Therefore, 
_ L 1 _ _ 
inLRl normalizes Q and (£LR1 n Q. But (£LRI n Q = U, as (£LRI = U . 3Rl 
is a 2-group and U is a Sylow 2-subgroup of Q. SO U <J inLRl , which implies 
that inLRl = U X inS.R1 . Now let R2 =F Rl be a second Sylow 2-subgroup 
of S*, and let U E U. Then u centralizes inS.R1 n inS .R2 , and hence 
inS.R1 n inS .R2 ~ inS .R2u. For q;;:' 4 this implies R 2u = R 2 . Thus 
U ~ inR2' (£U n R2 =F 1 and (£U ;;:, <inS.R1 , (£U n R 2) = S*. Therefore, 
S* fixes Q u = {IX}. But this is impossible, as G is transitive. 
So 1 =F Un S* = Un Tn S* = Un Rl so that Q R = {IX}. Hence 1 
each Sylow 2-subgroup of S* has precisely one fixed point. Of course it 
cannot happen that two Sylow 2-subgroups of S* have the same fixed point, 
as any two Sylow 2-subgroups of S* generate S*. As G is transitive, we get a 
1-1 map of the set of Sylow 2-subgroups of S* onto Q. In particular, 
I Q I = qa + 1, where a = 1,2 or 3. This implies that Q is a 2-group and 
that U = Q. 
Let X be a normal subgroup of G minimal with respect to the property 
that the permutation group X induced by X is equal to S*. Then X' induces 
the group X' = S*'. But S*' = S* as q ;;:, 4, so that X' = X by minimality 
of X. We choose a second point {3 =F IX in Q. As q ;;:, 4, S::;, contains an 
element x of order q - 1 such that Q;c = {IX, {3}. Obviously, Q n (£cx = 1, 
as Q is regular on Q - {IX}. Thus for any preimage x of x in X we have 
Q n (£x = 1 and hence [x, Q] = Q. SO (XQ)' = XQ, because X = X' 
and Q = [x, Q] are both contained in (XQ),. But XQ/X ~ Q/Q n X is a 
2-group. Hence Q ~ X and S ~ X. Here obviously the group S induced 
by S is a normal subgroup of X = S* and, therefore, S = S* as S* is simple. 
Thus S = X. 
We now have the following situation: S' = S, S n K = 3S and 
S/3S ~ S = S* is isomorphic to SL(2, q), Sz(q) or PSU(3, q), where 
q ;;:, 4. Denote Z = 3S = S n K. As Q is a nontrivial normal 2-subgroup 
of S;;" either Q = Rl or Q = 3Rl . 
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Suppose that I Z I = 2, and let V be a Sylow 2-subgroup of S containing 
Q. Then obviously Z ::( V n S' n 3S. Using the transfer of S into V we see 
that Z must lie in V'. In particular, V/Q is not abelian, as Q n Z = 1. Thus 
ZQ < V, which implies Q = 3Rl and a = 2 or 3. Hence 
S,,/QjZQ/Q "-' S,,/ZQ ~ S,,/ZjZQ/Z "-' S:/3Rl 
is a Frobenius group with a kernel of order qa-l and a cyclic complement C 
of order (I/d)(qa-l - 1), where d = (a, q + 1). Here 
1 d(qa-l - 1) > Vqa-l + 1, as q?: 4. 
Thus C acts irreducibly on the kernel. Therefore, V/Q must be an extra-
special group. But because of I C I > V qa-l + 1 this is impossible by a 
theorem of Dade (see Huppert [9, p. 575]). We conclude, that I Z I =1= 2. 
If Z has even order, then Z contains a subgroup 2 of index 2. As the G-set 
(Q, S/2) again has all the properties required in Lemma 2, we get a contra-
diction to the above result. So Z has odd order. 
As Z :'( 3S n S', the group S is a homomorphic image of the represen-
tation group of S*. Inspecting the list of Schur multipliers of the groups S* 
(see Schur [10], Alperin and Gorenstein [1] and Griess [7]), we see that 
S "-' SL(2, q), Sz(q), PSU(3, q), or SU(3, q). This completes the proof of 
(iii). 
We still have to prove (iv). Let u be an involution of G, which has exactly 
one fixed point, and let ii be the permutation of Q induced by u. Suppose 
that iilj: S. Then (u)S)"iJ = (v)Sex(3' where v is an involution which fixes 
at least two points. Thus (u)S - S contains at least two classes of involutions 
of (u)S. This implies I 3(u)S) I = 2 by Lemma 1. But the group 3(u)S) 
fixes all Sylow 2-subgroups of S and hence all points of Q, which implies 
3(u)S) = 1. This contradiction shows that UE S, i.e., u E SK. 
3. THE PROOF OF THEOREM 2 
Let G be a counterexample of the smallest possible order. Again we denote 
the kernel of the representation of G on Q by K. As a first step, we prove 
PROPOSITION 1. If O(G/K) > 1, then Q is a Frobenius complement. O(G) 
is not transitive. 
Proof. Let M/K be a minimal normal subgroup of G/K contained in 
O(G/K), and let r = (XM. Then r is invariant under M and G". Also 
I r I > 1, because M is normal in G and not contained in K. By the theorem 
of Feit and Thompson [4], M/K is solvable and, therefore, Mr is sharply 
ON SUBGROUPS WITH TRIVIAL NORMALIZER INTERSECTION 627 
transitive. Since Q is regular on Q - ex, we have Qr "-' Q. This implies the 
first part of our proposition, as clearly QrMr is a Frobenius group. 
Suppose that O( G) is transitive. Then 
G = Grx' O(G) and 
Hence S ~ Q . O(G) and S = Q . O(S). Thus G is not a counterexample. 
PROPOSITION 2. The Sylow 2-subgroups of Q contain more than one 
involution. 
Proof. Let T be a Sylow 2-subgroup of Grx . Then T is a Sylow 2-subgroup 
of G, as 1 Q 1 = l(mod 1 Q I). Now the intersection T (J Q is a Sylow 
2-subgroup of Q and hence >{l}. Assume that T (J Q contains only one 
involution z. Then z E 3T, as T (J Q <::] T. Whenever g E G and zY E T, 
then exY = (Qz)Y = QZg = ex, g E Grx ~ mQ, zY E Q (J T and hence zY = z. 
Therefore, zO(G) is central in GjO(G) by Glauberman's [5] generalization 
of the theorem of Brauer and Suzuki [3] on groups with quaternion Sylow 
2-subgroups. So <z)O(G) <::] G. As G is transitive, each stabilizer «z)O(G)). 
on a point g E Q contains an involution which is conjugate to z and hence 
has no fixed point in Q - g. Thus <z)O(G) is transitive by Lemma 2. But 
this implies that O(G) is transitive, which is impossible by Proposition 1. 
PROPOSITION 3. K = O(G) = 1. 
Proof. Proposition 2 (together with Proposition 1) implies that 
O(GjK) = 1. Suppose that K > 1. Then we can apply induction, as clearly 
GjK has all the properties required in Theorem 2. As O(GjK) = 1, GjK 
must contain a normal subgroup isomorphic to SL(2, q), Sz(q), or PSU(3, q), 
where q ~ 4. (By Lemma 3(ii), the center of the normal closure of QKjK in 
GjK is trivial.) But this is impossible by Lemma 3(iii). 
In the following we assume that 
(*) 02(Q) = 1 and G contains an involution which has more than one fixed 
point. 
PROPOSITION 4. Let t be an involution in Grx which has more than one 
fixed point, and let [3 E Qt - ex. Then 
(a) Q (J (£:t is a 2-group containing at least three involutions. 
(b) «(£:t)rxfl contains a normal subgroup R of prime order r such that 
Qt (J Q R = {ex, [3}, 211 Q R I, 1 Q R 1 > 2, and Q (J (£:R is a nontrivial group 
of odd order. Furthermore, the normalizer of R contains an involution inter-
changing ex and [3. 
(c) «(£:t)rxfl does not contain any elementary abelian subgroup of order 4. 
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Proof. We consider the G-set (Qt , G:t). If g E Qt, then G. contains a 
normal subgroup Q(g) conjugate to Q. As t lies in GIj , t normalizes Q(g) and, 
therefore, centralizes some involution in Q( g) . Thus G:t. always contains an 
involution, which fixes g but no further point. By Lemma 2, (Q t , G:t) is 
transitive. Also, G:Qt = Q n G:t = Q n (G:t)", is a normal subgroup of (G:t)", , 
which has even order and is regular on Qt - ex. Hence (Qt , G:t) has all the 
properties required in Theorem 2, and we can apply induction: Let S(t) be 
the normal closure of G:Qt in G:t. Suppose that G:Qt contains exactly one 
involution x. Then by a result of Shult [11, Proposition 3] <xQ) is an elemen-
tary abelian subgroup, or the coset xO(Q) is the unique involution in QfO(Q). 
The first possibility contradicts our assumption (*), and the second implies 
that the Sylow 2-subgroups of Q contain only one involution, which is 
impossible by Proposition 2. Hence G:Qt contains more than one involution. 
Thus G:Qt cannot be a Frobenius complement. So S(t).:::: SL(2, q), S.(q), 
SU(3, q), or PSU(3, q), where q ?: 4. In particular, G:Qt is a 2-group. Let r 
be a prime divisor of q - 1. Then S(t)"'i3 contains a subgroup R of order r. 
This group is characteristic in S(t)cxi3 and thus normal in (G:t)cxi3 . Also, the 
normalizer of R contains S(t)(cx.ll} and hence an involution interchanging ex 
and {3. Furthermore, R is regular on Qt - {ex, {3}, i.e., Qt n Q R = {ex, {3}. 
As t centralizes R, t induces a permutation of Q R , which has exactly two 
fixed points. This implies that I Q R I = O(mod 2). 
R is a group of prime order, which normalizes Q. Since we assumed that Q 
is not nilpotent, Q n G:R =F 1 by the theorem of Thompson [13]. But 
Q n G:R is regular on Q R - ex. Thus Q R ;l {ex, {3}. The same argument implies 
that Q n G:R is of odd order. 
We still have to prove (c). Let T be a Sylow 2-subgroup of (G:t)cxll. Then 
T normalizes R, Q and the group G:QR = Q n G:R. But by (a) each element 
of T - {I} acts without fixed points on G:QR - {I}. Thus T must be cyclic 
or a quaternion group. 
PROPOSITION 5. G:R does not contain any elementary abelian group of 
order 4. 
Proof. If G:R contains a Klein 4-group, then G:R contains a Klein 4-group 
X containing t. As I Qt I = l(mod 2), X ~ (G:t)y for some y E Qt. By 
Proposition 4(c) each element of X either has exactly one fixed point on Qt 
or lies in the kernel K(t) of the representation of G:t on Qt. (As (Qt , G:t) is 
doubly transitive, (G:t)Y6 is conjugate to (G:t)cxll' whenever I) E Qt - y.) Thus 
X ~ S(t) . K(t), by Lemma 3(iv). But this implies X n S(t) =F 1, because 
the Sylow 2-subgroups of S(t) . K(t)fS(t) are cyclic or quaternion groups by 
Proposition 4(c). Thus X contains an involution u, which has exactly one 
fixed point g. As [R, u] = 1, g is invariant under R, i.e., g E Q R • But this is 
impossible, as u fixes Q R , and I Q R I is even. 
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To finish the proof we consider the G-sets (QR , mR) and (QR , (1R). 
In the stabilizer ({1R)~ , we have the normal subgroup {1QR. As we have seen 
in the proof of Proposition 4, {1QR is a nontrivial group of odd order. Let s 
be a prime divisor of 1 {1QR I, and let r be the subset of QR consisting of all 
points g with the property that ({1R)i; contains an element of order s which 
is regular on QR - g. By Lemma 2, (r, (1R) is transitive. As mR contains 
an element interchanging ex and {3, we have {ex, {3} ;;:;; r. Thus the involution t 
in {1R has exactly two fixed points in r. 
As {1R contains no Klein 4-group, all involutions in {1R are conjugate to t 
and induce permutations of r with exactly two fixed points. By [8, Hilfssatz 
6], (r, (1R) has two systems of imprimitivity, each of length t 1 r I. Both 
these subsets must be invariant under ({1R)~ , and in particular under {1QR. 
But this implies that sit 1 r 1 and s I (t 1 r 1 - 1), which is impossible. 
Thus (*) cannot be true. Therefore, G~ is a strongly embedded subgroup 
or 02(Q) oF 1. Hence we can apply the theorem of Bender [2, Satz 1] or 
Proposition 1 of Shuit [11). By Propositions 2 and 3, G must in both cases 
contain a normal subgroup S ~ SL(2, q), S.(q) or PSU(3, q) for some 
power q of 2. But then G is not a counterexample by Lemma 3. 
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